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Abstract 
During their operation, modern aircraft engine components are subjected to increasingly demanding operating conditions, 
especially the high pressure turbine (HPT) blades. Such conditions cause these parts to undergo different types of time-dependent 
degradation, one of which is creep. A model using the finite element method (FEM) was developed, in order to be able to predict 
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obtained. The data that was gathered was fed into the FEM model and different simulations were run, first with a simplified 3D 
rectangular block shape, in order to better establish the model, and then with the real 3D mesh obtained from the blade scrap. The 
overall expected behaviour in terms of displacement was observed, in particular at the trailing edge of the blade. Therefore such a 
model can be useful in the goal of predicting turbine blade life, given a set of FDR data. 
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Abstract
The multilevel model of bridged cracks for analysis of the interfacial fracture toughness and cracks growth process is proposed
and used. It is assumed: there are bonds of the diﬀerent levels between jointed materials (the interface layer); a zone of weakened
bonds in this layer is considered as an interfacial crack with distributed nonlinear spring-like bonds between the faces of a crack
(the bridged zone); the size of the interface c ack bridged zone is comparable to the whole crack size. The qu ntitative analysi f
the bridging eﬀect on interfacial toughness is performed accounting for the influence of the boundary conditions of structures.
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1. Introduction
Models of a crack with interaction of its fa es m ke it p ssibl to combine approaches of mechanics and physics
of fracture while analyzing a crack growth. Zones of crack faces interaction adjoin crack tips and these zones are
commonly include the crack parts where cohesion forces are applied to the crack faces and suppress the complete
crack opening. Diﬀerent versions of such models (cohesive or bridged) for analyzing brittle, elastic-plastic and vis-
coelastic fracture were proposed. In this paper to model fracture toughness of interfacial junctions the multilevel crack
bridging concept is proposed and used. It is assumed within the concept: there are bonds of the diﬀerent levels (in-
termolecular forces, molecular undl s, fibers, particles) between joined materials (the interfacial adhesion layer); a
zon of weakened bonds in th s layer is o s dered as th interfacial crack with distributed nonlinear spring-like bonds
between the crack faces (bridged zone). The bonds properties on the diﬀerent material levels define the stress state in
the crack bridged zone and, hence, the fracture toughness of the interface junction. In the general case, the size of the
interface crack bridged zone is comparable to the whole crack length. In the case of the crack bridged zone of large
scale the conditions of the limit equilibrium and quasi-static growth of cracks must be reconsidered for modelling
quantitatively the bridging eﬀects. The quantitative evaluation of the interfacial fracture toughness accounting for the
bridging eﬀects consists of the following main steps: 1) development of the bond deformation law; 2) evaluation of
stresses along the crack bridged zone; 3) application of the non-local crack growth criterion to analyze the fracture
parameters of the interface junction taking into account fracture toughness of interface itself.
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2. Interface cracks: Multilevel bridged model and fracture toughness evaluation
2.1. Multilevel interface bridged crack model
It is assumed within the model, that the fracture process zone can contain ligaments of several levels acting on
various scales of the crack length. For given crack length the total contribution to the fracture toughness of ligaments
of all levels, except the largest, is constant, and the region of their influence is small, compared to the whole crack
size and the influence zone of the last level bonds. These assumptions correspond to the model with two levels for any
crack scale, see Fig. 1, the first (small) zone of ligaments integrate all levels which are much less than the largest. In
this case the part of the process zone, adjoined to the crack tip, is small in comparison with the whole crack length
and the size of the second part of process zone (d1 ≪ d2, d1 ≪ ℓ), and the critical crack openings on that parts of
the process zone obey δ1cr ≪ δ2cr. It is possible to assume in this case, that, under monotonic loading, the first part of
the process zone is in a state of limiting equilibriums and, hence, the contribution of this part of the process zone to
fracture toughness of material KIc does not depend on crack length:
KIc =
√
EGIc, GIc =
δ1cr∫
0
σ (u) du (1)
In such description of the crack process zone it is assumed ( as d1 ≪ d2 and δ1cr ≪ δ2cr), that d1 = 0 and δ1cr = 0 and
the part of bonds deformation curve from u = 0 up to u = δcr ≡ δ2cr is considered as the bond deformation law.
The notations ”bonds” and ”bridged zone” refer only to bonds of the largest level. This largest level region (bridged
zone) modelling is based on the following assumptions:
1) fracture process is localized in the crack bridged zone, which is treated as a crack part and can be comparable
with the whole crack length;
2) distributed bridging tractions depending on a crack opening are imposed to a crack face in the bridged zone;
3) materials ahead of the crack tip are considered as linearly-elastic and they are deformed together with fibers (or
adhesion layer) without loss of their continuity.
Fig. 1. Two level ligaments, contribution of zone d1 to fracture toughnessGIc is constant
and δ1cr ≪ δ2cr = δcr is the critical crack opening. Fig. 2. Bridged interfacial crack of the half
length ℓ, the bridged zone length is d.
To describe mathematically the interaction between the crack faces, we assume that there exist bonds with nonlinear
deformation law between the faces of the crack in the bridging zone as in (Goldstein and Perelmuter, 1999). The
tractions in the bonds between the interfacial crack faces are the result of the external loading action. These tractions
have the normal qn and tangential qτ components even for the uniaxial tension case. The faces of the crack are loaded
by the normal and tangential stresses.
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The relations between bond tractions and displacements diﬀerence of the upper and lower crack faces (the crack
opening, see Fig. 2) in the crack bridged zone are used in the following generalized form (Goldstein and Perelmuter,
1999)
qn,τ(x, σ) = κn,τ(x, σ) un,τ(x), κn,τ(x, σ) = ϕ1,2(x, σ)
Eb
H
, σ =
√
q2n + q2τ, c0 =
H
ℓ
, (2)
where qn,τ and un,τ are the components of the tractions vector and the crack opening in the local coordinate system
connected with the normal n and tangential τ directions to the crack face, κn,τ (x, σ) are the stiﬀness of bonds depending
on the distance from the crack tip and the tractions vector modulus σ at the current point x, ϕ1,2 are dimensionless
functions used for description of a nonuniform behavior of stiﬀness over the bridged zone, H is the length parameter
proportionate to the thickness of the bonding zone, Eb is the eﬀective elastic modulus of the bond, c0 is the relative
bonds compliance, this parameter will be used in section 3 for the results description.
Experimental determining of bonds deformation law for materials junction is labor-consuming task. The combined
approach to determining such curves consists of phenomenological or micromechanical definition of functional de-
pendence between a crack opening and bridging stress for some groups or pairs of materials and the experimental
determination of some parameters for loaded bonds to describe the curve mathematically (Perelmuter, 2011b).
Within the multilevel bridged model (in contrast to cohesive models) the total stress intensity factors (SIF) due to
external loading and bonds tractions are not assumed equal to zero. Hence, the complex SIF for the interface bridged
crack can be written as follows (Perelmuter, 2011a)
KI + iKII = (KextI + K
int
I ) + i(K
ext
II + K
int
II ) , i
2 = −1, (3)
where KextI,II and K
int
I,II are the SIF caused by the external loads and bonds stresses; note that K
int
I,II < 0.
Bonding in the crack bridged zone reduces the stress intensity factors. This eﬀect depends on the bridged zone
length and bonds properties and can be characterized by the relative SIF values, see (Goldstein and Perelmuter, 1999).
2.2. Stresses analysis
The mathematical background of the stresses analysis is based on the singular integral-diﬀerential equations
(SIDE), Goldstein and Perelmuter (1999); Perelmuter (2011a), and the boundary element methods (BEM), Perel-
muter (2013, 2015a). The stresses at the interfacial crack bridged zone are analyzed for the given nonlinear bond
deformation law and also the kinetic destruction of bonds due to elevated temperature and aggressive agent can be
accounted. The kinetic model of bonds destruction is the integration of the bonds thermofluctuation model (Zhurkov,
1965) and the interface crack bridged model, see details in (Goldstein and Perelmuter, 2012).
In the framework of the SIDE a straight crack with bridged zone between two semi-infinite plates under external
normal and shear loading is considered. The size of the bridged zone can be comparable to the whole length of the
crack. The BEM approach is developed on the basis of the multi-regions technique and is used for modelling arbitrary
interfacial bridged cracks in finite size structures with taking into account weak interfaces between materials, influence
of the structure boundary conditions and gradation of mechanical properties of joined materials. The supplement
conditions of displacements continuity and tractions equilibrium along the sub-regions boundaries without crack are
used. If there is a temperature loading on the structure then the first step of the problem solution is the consideration of
the steady state or transient thermal problem. The special boundary elements for modelling asymptotic displacements
and stresses are used near the crack tips and the stress intensity factors are computed. The values of the displacements
of the crack faces are considered as unknown parameters in the bridged zone. For nonlinear bond deformation law an
iterative procedure is used. In the case of the bonds kinetics, at each time step the bonds compliance is assumed to be
proportional to the density of unbroken bonds.
2.3. Nonlocal criterion of bridged cracks growth
The nonlocal fracture criterion for growth of bridged cracks taking into account the energy consumed by bonds
was proposed and discussed in (Goldstein and Perelmuter, 1999; Perelmuter, 2007, 2015b). In the case of a straight
interfacial bridged crack of half-length ℓ, with the bridged zone of size d this criterion consists of the following two
conditions of the crack limit equilibrium (in the sense defined by (Barenblatt, 1959)):
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a) the necessary energy condition - this is the equality of the strain energy release rate (the energy flux at the crack
tip, Gtip(d, ℓ)) and the rate of deformation energy consumed by bonds in the crack bridged zone (Gbond(d, ℓ));
b) the suﬃcient condition - this is the equality of the crack opening at the trailing edge of the bridge zone u(ℓ − d)
and the bond limit stretching δcr:
Gtip(d, ℓ) = Gbond(d, ℓ), u(ℓ − d) = [u2x(ℓ − d) + u2y(ℓ − d)]1/2 = δcr, (4)
where ux,y(ℓ − d) are the components of the crack opening at the trailing edge of the bridged zone.
The notations in Eq.(4) are following, see (Perelmuter, 2007)
Gtip(d, ℓ) = −∂Π
∂ℓ
, Gbond(d, ℓ) =
∂U
b∂ℓ
+GIc, (5)
where Π is the total potential energy of the elastic body, U is the deformation energy of the bonds in the crack bridged
zone, b is the thickness of the body, GIc can be regarded as the material intrinsic toughness, see (1).
Conditions (4) represent the nonlocal fracture criterion for a crack with bonds within the bridged zone. When the
crack length and the bonds characteristics are specified the solution of these equations enables to determine two basic
parameters of fracture, the critical external load and the bridged zone size in the crack limit equilibrium state. Noted,
the approximated equation for a small scale bridged zone (obtained by J-integral approach) similar to (4) was used in
(Budiansky et al., 1988).
The expression for the strain energy release rate in the case of a crack on the interface of diﬀerent materials still
holds when there are bonds within the crack bridged zone since the eﬀect of the bonds is expressed in the application
of the loads to the crack faces in the bridged zone. Hence, regardless of the bond deformation law, the deformation
energy release rate is given by the expression (Salganik, 1963)
Gtip(d, ℓ) =
(
κ1 + 1
µ1
+
κ2 + 1
µ2
)
K2B
16 cosh(πβ)
, β =
ℓnα
2π
, α =
µ2κ1 + µ1
µ1κ2 + µ2
, KB =
√
K2I + K
2
II , (6)
where κ1,2 = 3 − 4ν1,2 in the case of plane strain or κ1,2 = (3 − ν1,2)/(1 + ν1,2) in the case of plane stress state, ν1,2 and
µ1,2 are Poisson’s ratios and the shear moduli of jointed materials 1(y > 0) and 2(y < 0), see Fig. 2, KB defines on the
basis of the stress intensity factors K1,2, see (3). The deformation energy of the bonds in the crack bridged zone can
be defined as follows
U = b
ℓ∫
ℓ−d
Φ(u)dx, Φ(u) =
u(x)∫
0
σ(u)du, u(x) =
√
u2x + u2y , σ(u) =
√
q2x + q2y , (7)
where Φ(u) is the density of the bonds deformation energy in the crack bridged zone, ux,y(x) are the components of
the crack opening in the bridged zone, qy(s) and qx(s) are the normal and tangential components of bonds traction and
σ(u) is the modulus of the traction vector in bonds.
Substituting the first two expressions from (7) into the second equality of (5), we obtain
Gbond(d, ℓ) =
∂U
b∂ℓ
+GIc =
∂
∂ℓ
ℓ∫
ℓ−d

u(x)∫
0
σ(u)du
dx +GIc (8)
The derivative of the integral in expression (8) will be obtained with the assumption that the change in the bridged
zone size can be a result of the bonds rupture at the trailing edge of the bridged zone (when x = ℓ − d ) and also a
result of the simultaneous crack tip advancing. Thus, the bridged zone length can be changed during crack growth
(non self-similar crack growth). The autonomy condition for the crack bridged zone is fulfilled in the limit case of a
long crack. Diﬀerentiating with respect to the upper and lower limits in Eq. (8), we obtain (Perelmuter, 2007)
Gbond(d, ℓ) =
ℓ∫
ℓ−d
(
∂ u(x)
∂ ℓ
σ(u)
)
dx + GIc −Gb +Gm, Gm =
u(ℓ)∫
0
σ(u)du, Gb =
u(ℓ−d)∫
0
σ(u)du, (9)
where u(ℓ) is the crack tip opening and in the crack limit equilibrium state u(ℓ − d) = δcr (according to condition (4)).
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If u(ℓ)  0 has been chosen in the crack model, then it is assumed that the crack bridged zone consists of two parts
of sizes d1 and d2 with diﬀerent deformation laws and Gm is the density of energy dissipated in the zone d1. In our
approach it will be assumed that d1 ≪ d2, the thickness H of the interface layer ahead of the crack tip (for adhesion
junction) is infinitely thin, H/ℓ → 0, and, therefore, the integral for Gm in (9) is omitted and the contribution of all
ligaments near the crack tip is regarded as GIc, see (1).
The two types of material junction can be considered in the frames of the conditions (4):
a) composite materials with fibers and b) adhesion joining two diﬀerent materials without fibers.
In these cases the parameter GIc is defined as
GIc =
{
2cmγm + 2c fγ f (a)
ηGb (b)
(10)
where in the case a) cm = 1 − c f and c f is the specific concentration of fibres in the composite, γm and γ f are the
specific face energy of the matrix and fibers materials; in the case b) the parameter η ≥ 0 defines a relative intrinsic
toughness of the material junction and it can be considered as the interface weakness measure ahead of the crack
tip. We will assume that η = 1 corresponds to the similar deformation law of bonds in the bridged zone and bonds
ahead of the crack tip, if η > 1 then the adhesion junction is hard and the case 0 ≤ η < 1 corresponds to a weak
interface junction. The value η = 0 corresponds to ’an ideal weak’ interface - it is the case of cohesive models and
it was shown in (Perelmuter, 2007) that criterion (4) is degenerated for η = 0 to the fracture condition in Barenblatt-
Dugdale-Panasyuk model, see (Barenblatt, 1959; Dugdale, 1960; Panasyuk, 1971)
Expression (9) can be written accounting to relations (2) and u(ℓ) = 0, Gm = 0 as (see details in (Perelmuter,
2007))
Gbond(d, ℓ) =
ℓ∫
ℓ−d
(
∂ uy(x)
∂ ℓ
qy(u) +
∂ ux(x)
∂ ℓ
qx(u)
)
dx +GIc −Gb (11)
Note, that in the crack limit equilibrium state the quantityGb in (11) is the strain energy density released during bonds
rupture in the bridged zone trailing edge x = ℓ − d.
If we assume that η = 1 (the rate of the energy released at the trailing edge of the bridged zone is equal to the rate
of the energy consumed by newly deformed bonds during the crack tip advancing) then in the case of a homogeneous
material or an infinite thin adhesive layer joining diﬀerent materials
GIc = Gb =
δcr∫
0
σ(u)du (12)
Fulfilment of the necessary and suﬃcient conditions (4) corresponds to the limit equilibrium state of the crack tip and
the trailing edge of the crack bridged zone. The parameter δcr is defined by the properties of the bonds in the crack
bridged zone and can also depends on the scale of the crack (for example, when the type of bonds changes as the crack
grows). From the simultaneous solution of Eqs. (4) it is possible to determine the size of the bridged zone dcr and the
critical external stress σcr in the crack limit equilibrium state. The deformation energy consumption rate obtained
from this solution is the energy characteristic of the adhesive fracture toughness, Gcr = Gbond(dcr, ℓ), and the quantity
Gcr does not remain constant when the crack length changes. After the critical external load has been determined, the
critical stress intensity factor and the energy flux to the crack tip, due to the external load σcr, can also be determined.
3. Results
In this section the results of the analysis of the SIF and the fracture parameters for the problem of uniaxial tension
of the plate with straight crack of length 2ℓ on the interface of two dissimilar elastic half-planes are presented. The
following material data were used: E1 = 135 GPa, E2 = 25 GPa, ν1 = ν2 = 0.35 (Cu-epoxy polymer junction),
Eb = E2, ϕ1,2 = 1 (linear-elastic bonds). For these data β < 0 and |β| = 0.0509313, see relations (6). Initial size of the
half crack and the critical crack opening were assigned to ℓ = 0.5 ·10−3 m and δcr = 2 ·10−7 m, see details in (Goldstein
and Perelmuter, 1999). The crack opening and the tractions distributions along the interfacial crack bridged zone are
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required in order to analyze the stages of quasistatic cracks growth using relations (4). For the results presented here
this analysis was performed by the method of singular integro-diﬀerential equations taking into account symmetry,
see (Perelmuter, 2011a). The problem is multiparametric and the bond properties variation were only considered.
The relative bond compliance (see, Eq. (2)) is regarded in the interval 0, 025 ≤ c0 ≤ 0.8. The characteristic
dependencies of the relative SIF KI/KextI and KII/K
ext
II are given in Fig. 3 for various values of the relative bridged zone
size t = d/ℓ. Dependencies of relative SIF are decreasing functions of the bridged zone size, this is the demonstration
of the bridging reinforcing eﬀect. In a certain range of the bridged zone size the SIF modulus is 1.5 − 5 times less
compared to the case of the bond absence.
Fig. 3. Dimensionless stress intensity factors for interfacial bridged crack, t = d/ℓ is the relative length of the crack bridged zone.
The solution of system (4) is completely determined by the parameters of the bond deformation law, and it enables
us to obtain the relations between the quantities σcr, dcr and the crack length during the crack quasi-static growth.
Let’s consider the example of a bridged crack limit equilibrium state parameters computation for linear-elastic bonds.
a) b)
Fig. 4. Determination of the nonlocal fracture criterion parameters, t = d/ℓ. (a): The energy release rate and the rate of energy consumed by bonds,
tcr = dcr/ℓ is the relative length of the crack bridged zone at the limit equilibrium state. (b): Crack opening at the bridged zone edge vs its length,
the critical opening condition is at point A, point B is unacceptable root, t2 ≈ 0.5.
The solution of the first equation in (4) for the above given materials data gives the relative magnitude of the
critical crack bridged zone tcr = dcr/ℓ ≈ 0.105. The critical external stress σcr for that value of tcr can be calculated
from the second equation in (4) as σcr/σ f ≈ 0.403, where σ f = Ebδcr/H is the scale factor for stresses. A clear
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representation of the solution of the equations system (4) can be obtained from the following graphical analysis of the
results. The dimensionless energy functions (the strain energy release rate G¯tip = Gtip/G0 and the rate of deformation
energy consumed by bonds G¯bond = Gbond/G0, where G0 = Gtip(0, ℓ) is the deformation energy release rate without
bonds for the same crack length) versus the relative length of the crack bridged zone t = d/ℓ are shown in Fig.4a. The
dependence of dimensionless crack opening at the bridged zone trailing edge u/δcr versus of the relative length of the
crack bridged zone is shown in Fig. 4b. In this figure at points A and B the condition u/δcr = 1 is attained, which
corresponds to the fulfilment of the second condition of fracture criterion (4), but only the common points A in the
graphs Fig. 4a,b correspond to the crack limit equilibrium state and both conditions (4) are fulfilled at these points
A. Therefore, the common intersection point A in the graphs Fig. 4a,b is the solution of equations system (4) and it
determines the relative magnitude of the critical crack bridged zone.
Fig. 5. Critical dimensionless length of the crack bridged zone vs the
relative bonds stiﬀness κ0 = ℓ/H for the fixed crack length.
Fig. 6. Critical dimensionless external load vs the relative length of the
crack part without bonds, λ = (ℓc − d)/ℓ.
The dependence of the dimensionless crack bridged zone length dcr/ℓ at conditions (4) versus relative stiﬀness
of bonds is shown in Fig. 5 which demonstrates the strong dependence of the crack bridged zone length on bonds
stiﬀness. The solution presented in Fig. 5 starts from κ0 ≈ 0.944 and dcr/ℓ ≈ 0.702. These values correspond to the
first solution of system (4); if relative bonds stiﬀness smaller than above one then the solution of system do not exist
and subcritical crack growth is observed, see (Perelmuter, 2007). Also, due to the linearity of the bond deformation
law in this problem, Fig. 5 for fixed value of H (see (2)) can be considered as the dependence of the dimensionless
crack bridged zone length (here ℓ is initial crack length) on the relative crack length ℓc/H during quasistatic crack
growth.
Development of an initial crack filled with bonds, for values of relative bonds compliance in the range 0.1 ≤ c0 ≤
0.5 is further analyzed. For a monotonous increasing external loading and for the above specified values of relative
bonds compliance, fracture process begins as bonds rupture in the bridged crack center with decreasing of bridged
zone size from d = ℓ up to d = dcr and fulfilment of quasistatic crack growth conditions (4). Dependencies of
dimensionless critical external stress σcr/σc versus relative crack part without bonds λ are shown in Fig. 6 where
σc =
Eb
ℓ
δcr, λ =
ℓc − d
ℓ
(13)
In these relations ℓ is initial crack length, ℓc is the current crack length, d is a bridged zone length till ℓc = ℓ (crack
tip does not move) and d = dcr is the critical bridged zone length for quasistatic crack growth under conditions (4).
Transitions from a regime of bonds rupture at the bridged zone edge (without changing the crack length) to quasistatic
crack growth are marked in Fig. 6 by grey circles. For example, at c0 = 0.1 (curve 1) this transition occurs for
d = dcr ≈ 0.041ℓ and λ ≈ 0.959. If λ ≤ 0.959 (ℓc = ℓ) then condition Gtip(d, ℓ) < Gbond(d, ℓ) hold and the second
equation in (4) is used to compute the critical bond stressσcr. For λ > 0.959 both equations in condition (4) are fulfilled
and quasistatic crack growth is predicted. For chosen model parameters (2ℓ = 10−3 m and δcr = 2·10−7 m) the transition
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from the regime of bonds rupture alone to the regime of quasistatic crack growth occurs at the following fracture
characteristics: 1) c0 = 0.1: σcr ≈ 25.1 MPa, Gbond(dcr, ℓ) ≈ 10.1 J/m2; 2) c0 = 0.25: dcr ≈ 0.105ℓ, σcr ≈ 16.1 MPa,
Gbond(dcr, ℓ) ≈ 4.1 J/m2; 3) c0 = 0.50: dcr ≈ 0.225ℓ, σcr ≈ 11.7 MPa, Gbond(dcr, ℓ) ≈ 2.1 J/m2. The points, which
correspond with these values of dcr, are shown also in Fig. 5 as the gray circles for appropriated values of relative
bonds stiﬀness.
Under quasistatic crack growth conditions there is an significant decrease of the critical external loading when
the crack length extends (Fig. 6), but in this case the crack bridged zone critical length dcr and the adhesion power
characteristic Gcr = Gbond(dcr, ℓ), are changing slightly for rather long cracks.
4. Conclusion
The main features of the nonlocal criterion for quasistatic growth of a bridged crack (4) are taking into account
the energy consumed by bonds during cracks advance and the analysis of non self-similar cracks growth as has
been clearly demonstrated in Fig. 5 and Fig. 6. This criterion was implemented within the bridged crack model with
assumption of a singularity at the crack tip, but it includes the cohesive model as the special case for long cracks, the
details in (Perelmuter, 2015b).
The nonlocal criterion (4) consists of two conditions and the appropriate equations include by several physical-
mechanical parameters or functions, the dependence on bonds deformation law shape which can be defined exper-
imentally or obtained starting from the micromechanical modelling (Goldstein et al., 1997; Budiansky et al., 1995;
Zhu et al., 2009). In the simplest cases as considered in this paper (linear-elastic bonds) or in (Perelmuter, 2015b) the
criterion (4) includes only two experimentally defined parameters (in the case of linear-elastic bonds it is the maximal
bonds stress and the critical crack opening at the trailing edge of crack bridged zone) and it can be regarded as the
two-parametric fracture criterion.
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